I summarize what is known about the Euler-Heisenberg Lagrangian and its multiloop corrections for scalar and spinor QED, in various types of constant fields, and in various dimensions. Particular attention is given to the asymptotic properties of the weak-field expansion of the Lagrangian, which via Borel summation is related to Schwinger pair-creation, and the status of the "exponentiation conjecture" for the imaginary part of the Euler-Heisenberg to all loop orders.
In 1936 Heisenberg and Euler obtained their well-known effective Lagrangian in a constant field (" Euler-Heisenberg Lagrangian" = 'EHL') in the form
Here a, b are the two invariants of the Maxwell field, related to E, B by a 2 −b 2 = B 2 − E 2 , ab = E · B. The superscript (1) stands for one-loop. The EHL describes the effective interaction between photons due to the presence of virtual electron-positron pairs in the vacuum, leading to light-by-light scattering, vacuum birefringence in a magnetic field, Schwinger pair creation in an electric field, and many other effects of actual interest for high-energy and laser physics. Fourier transformation of the EHL yields the N -photon amplitudes in the low energy limit, where all photon energies are small compared to the electron mass, ω i ≪ m. Diagrammatically, this corresponds to Fig. 1 :
This formula (called 'AAM formula' in the following) is highly remarkable for various reasons. Despite of its simplicity it is a true all-loop result; the rhs receives contributions from an infinite set of Feynman diagrams of arbitrary loop order, as sketched in fig. 1 . Number of loops  4  6 8 · · · + + + · · · · · · · · · · · · · · · If the field has an electric component (b = 0) then there are poles on the integration contour at ebT = kπ which create an imaginary part. For the purely electric case one gets Schwinger's 1951 formula, a E-mail: idrish@ifm.umich.mx b E-mail: Michel.Rausch@iphc.cnrs.fr c E-mail: christian.schubert@umich.mx
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(β = eE/m 2 ). In the following we will consider the weak-field limit β ≪ 1, where only the leading k = 1 is relevant. Note that ImL (1) (E) depends on E non-perturbatively (nonanalytically), which is consistent with Sauter's interpretation of pair creation as vacuum tunneling. This connection between the effective action and the pair creation rate is based on the Optical Theorem, which relates the imaginary part of the diagrams shown in Fig. 1 to the " cut diagrams " shown in Fig. 2 . However, the latter individually all vanish for a constant field, which can emit only zero-energy photons. Thus for a constant field we cannot use dispersion relations for individual diagrams; what counts is the asymptotic behaviour of the diagrams for a large number of photons. The appropriate generalization is a Borel dispersion relation. This works in the following way [1] : define the weak field expansion coefficients of the purely electric EHL by
It can be shown that their leading large -n behavior is
with a constant c ∞ . The Borel dispersion relation relates this leading behavior to the leading weak-field behavior of the imaginary part of the Lagrangian:
Thus we have rederived the leading Schwinger exponential of (2) in a way that turns out to be very useful for higher-loop considerations. The two-loop (one-photon exchange) correction to the EHL corresponds to the set of diagrams shown in Fig. 3 (there is also a one-particle reducible This formula (called 'AAM formula' in the following) is highly remarkable for various reasons. Despite of its simplicity it is a true all-loop result; the rhs receives contributions from an infinite set of Feynman diagrams of arbitrary loop order, as sketched in fig. 1 . Number of loops  4  6 8 · · · · · · + + · · · · · · · · · · · · contribution [2] , but for our present purposes it can be discarded). The corresponding corrections to the tree-level pair creation diagrams of Fig. 2 are shown in Fig. 4 . These two-loop diagrams lead to rather intractable two-parameter integrals [3, 4] . However, the imaginary part ImL (2) (E) when taken in the weak-field limit becomes a simple addition to ImL (1) (E) [4] :
In [4] , Lebedev and Ritus further noted that, if one assumes that higher orders in this limit will lead to exponentiation, (7) then the result could be interpreted in the tunneling picture as the corrections to the Schwinger pair creation rate due to the pair being created with a negative Coulomb interaction energy:
where δm(E) is just the "Ritus mass shift", originally derived from the crossed process of one-loop electron propagation in the field [5] . For scalar QED the corresponding exponentiation had been conjectured already two years earlier by Affleck, Alvarez and Manton [6] :
However, they arrived at this conjecture in a very different way, namely using Feynman's worldline path integral formalism in a semi-classical approximation.
Thus there is much that speaks for the exponentiation conjecture. However, it would be a very surprising result, since it leads to the analytic factor e απ ! This is counter-intuitive, since the growth in the number of diagrams caused by the insertion of an increasing number of photons into an electron loop would lead one to expect a vanishing radius of convergence in α.
Using Borel analysis, this factor can be transferred from the imaginary part of the effective Lagrangian to the large -N limit of the N -photon amplitudes [7] :
The exponentiation conjecture has been verified at the two-loop order by explicit computation in both scalar and spinor QED. A three-loop check in D = 4 seems presently out of reach. In 2005, Krasnansky [8] found the following explicit formula for the two-loop EHL in scalar QED in 1+1 dimensions:
where
. This is simpler than in four dimensions, but still non-trivial (in fact very similar in structure to the EHL in four dimensions for a self-dual field [9] ), which suggests to use 1+1 dimensional QED as a toy model for testing the exponentiation conjecture. In [10] we used the method of [6] to generalize the exponentiation conjecture to the 2D case, obtaining ImL (all−loop) 2D ∼ e − m 2 π eE +απ 2 κ 2 (12) whereα = 2e 2 πm 2 , and obtained the one-and two-loop 2D spinor QED EHL explicitly in terms of the functionψ(x) ≡ ψ(x) − ln x + 1 2x . This allowed us to obtain formulas for c (1, 2) (n) in terms of the Bernoulli numbers, and made it possible to analytically verify (12) at the two-loop level:
At the three-loop level, only the two diagrams with a single electron loop, Fig. 5 , turn out to be relevant for the exponentiation conjecture. In [11] the authors developed a method for computing the weak-field expansion coefficients for these diagrams, and obtained the first seven coefficients explicitly; one more was computed by E. Panzer. Plotting these eight coefficients, one gets Fig. 6 , where the normalization is such that the coefficients would have to converge to unity for the conjecture to hold at the three-loop level, which appears unlikely. To summarize:
• The higher-loop corrections to the one-loop Euler-Heisenberg Lagrangian should provide valuable information on the asymptotic properties of QED.
• The exponentiation conjecture implies two very non-obvious properties of the asymptotic growth of the weak-field expansion coefficients: (i) At any fixed loop order, their leading asymptotic growth is always the same (which already at the two-loop level is true only after renormalization!).
(ii) The coefficients of these leading terms exponentiate in α.
• The exponentiation in α seems not to be true (at least not for D = 2), but analyticity in α remains a strong possibility.
